
Construction of 
Lyapunov function

By: Nafees Ahmed 



Construction of Lyapunov function

 Major issues 

 1. If above to methods i.e. 𝑽 𝑿 =
𝟏

𝟐
𝑿𝑻𝑿 𝑂𝑟 𝑉 𝑋 =

𝐾𝑖𝑛𝑡𝑒𝑖𝑐 𝐸𝑛𝑒𝑟𝑔𝑦 + 𝑃𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑛𝑔𝑒𝑟𝑦 fails, what should we do now? Is there 

any standard procedure to find out the Lyapunov fucnion ? Answer to 

this is yes 

 2. If system is nsdf then there may be issues related to system 

whether it is stable or asymptotically stable. 

 There are two methods to construct the Lyapunov function

 1. By Variable Gradient method 

 2. By Krasovskii’s Method



Variable Gradient method 

We know  𝑽 𝑿 =
𝝏𝑽

𝝏𝒙

𝑻
 𝑿 =

𝝏𝑽

𝝏𝒙

𝑻
𝒇(𝑿)

Instead of selecting  𝑽 𝑿 we will 

select ∆𝑽 =
𝝏𝑽

𝝏𝒙
and then find out 

condition for V(X) 



Variable Gradient method…



Variable Gradient method…

• Curl Condition means 
𝜕𝑔1
𝜕𝑥2

=
𝜕𝑔2
𝜕𝑥1

This will result 
𝜕𝑔

𝜕𝑥
matrix as a 

symmetrical matrix 

• integration can be 

conveniently done along 

each of the co-ordinate axes 

means, we can move first 

along x1 axis than x2 axis than 

x3 & so on that means we can 

integrate first w.r.t x1 than 

w.r.t. x2 & so on 



Variable Gradient method…



Variable Gradient method…



Variable Gradient method…

⇒Take partial derivative in any 

sequence



Variable Gradient method…



Variable Gradient method…

Take partial 

derivate of V(X) 

w.r.to x1



Variable Gradient method…

𝑢𝑠𝑖𝑛𝑔
𝜕𝑔2
𝜕𝑥1

=
𝜕𝑔1
𝜕𝑥2

And so on 



Variable Gradient method…

Rest terms 

will cancel 

out 



 𝑥1 = −𝑎𝑥1 = 0

 𝑥2 = 𝑏𝑥2 + 𝑥1𝑥2
2 = 0

⇒ 𝑥1 = 0 & 𝑥2 = 0

⇒ 𝑋 = 0

Note: For equilibrium point 



Taking k=0⇒ g(x) will be 

diagonal symmetrical 

matrix 







Variable gradient method…

 Explanation 



















Thanks 

?


